Direct imaging of exoplanets presents both significant challenges and significant gains. The advantages primarily lie in receiving emitted and, with future instruments, reflected photons at phase angles not accessible by other techniques, enabling the potential for atmospheric studies and the detection of rotation and surface features. The challenges are numerous and include coronagraph development and achieving the necessary contrast ratio. Here, we address the specific challenge of determining epochs of maximum angular separation for the star and planet. We compute orbital ephemerides for known transiting and radial velocity planets, taking Keplerian orbital elements into account. We provide analytical expressions for angular star-planet separation as a function of the true anomaly, including the locations of minimum and maximum. These expressions are used to calculate uncertainties for maximum angular separation as a function of time for the known exoplanets, and we provide strategies for improving ephemerides with application to proposed and planned imaging missions.
INTRODUCTION
Direct imaging of exoplanets provides opportunities for significantly extending exoplanet science, such as direct atmospheric retrieval (Feng et al. 2018) , and unlocking intrinsic planet properties, such as albedo, rotation, and obliquity (Cowan et al. 2009; Kane & Torres 2017) . The method of direct imaging also remains one of the most challenging techniques for studying exoplanets. At the present time, only ∼1% of the known exoplanets have been discovered using direct imaging, according to data from the NASA Exoplanet Archive (Akeson et al. 2013) . However, many technology advancements, both instrumental and with software, have taken place over recent years that allow significantly enhanced capabilities to extract a planetary signature from the stellar diffraction pattern. The Gemini Planet Imager (GPI) (Macintosh et al. 2014) and the Spectro-Polarimetric High-Contrast Exoplanet Research (SPHERE) (Beuzit et al. 2008 ) instruments have contributed significantly to the ground-based imaged planets inventory. Examples of other current and planned ground-based instruments include the Subaru Coronagraphic Extreme Adaptive Optics (SCExAO) instrument (Jovanovic et al. 2016) , the Magellan Adaptive Optics (MagAO-X) instrument (Males et al. 2018) , skane@ucr.edu the Keck Planet Imager and Characterizer (Mawet et al. 2017) , and the Planet Formation Imager (Monnier et al. 2018) . Development continues to progress for proposed space-based imaging facilities, such as the WFIRST coronagraph (Douglas et al. 2018) , the Habitable Exoplanet imaging mission (HabEx) (Arya et al. 2017) , and the Large Ultraviolet/Optical/Infrared Surveyor (LU-VOIR) (France et al. 2017) . The methodology for classifying discoveries from such facilities and their expected yields is a key component for the mission science drivers (Kopparapu 2018) .
The observing strategy for direct imaging efforts requires an efficient target selection and time management, particularly for space-based resources. For known indirectly detected exoplanets, the optimal observing times require sufficient orbital architecture knowledge to constrain when the planet will have an angular separation from the host star that places it outside of the inner working angle (Kane 2013; Schworer & Tuthill 2015) . Many of the radial velocity (RV) planets, for example, have poorly determined orbital ephemerides due to the uncertainties in the Keplerian orbital solution compacted by the time since last observation (Kane et al. 2009; Jenkins et al. 2010) . Observing those host stars with the after a long time baseline can help reacquire the planet's orbital phase and dramatically improve the ephemerides.
In this paper, we address the issue of determining the maximum angular separation between the star and planet for Keplerian orbital solutions. In Section 2 we discuss the challenge of orbital ephemerides and calculate the uncertainty in orbital location for 300 known exoplanets projected forward to 2025. In Section 3, we provide analytical expressions for both the star-planet separation and the derivative with respect to the true anomaly, which allows the epoch of maximum angular separation to be determined. Section 4 combines the work of the previous sections and provides calculated maximum angular separations, orbital phases where they occur, and uncertainties on those orbital locations for 50 known exoplanets. We provide concluding remarks in Section 5 and recommendations for observing strategies designed to improve orbital ephemerides for direct imaging observations.
EXOPLANET ORBITAL EPHEMERIDES
At the present time, exoplanet discoveries are dominated by those that utilize the transit method. Here we focus on those planets that have full Keplerian orbital solutions in order to provide a complete description of the orbital phase and angular separation. Exoplanets with Keplerian orbital solutions tend to be those discovered with the RV technique, for which survey durations have extended the period sensitivity beyond ∼10 years (Wittenmyer et al. 2016) . Data regarding exoplanets and orbital parameters are available from numerous sources, both in the literature and online (Butler et al. 2006; Wright et al. 2011) . For this study, we utilize the data from the NASA Exoplanet Archive (Akeson et al. 2013) , where the data are current as of 2018 August 17.
We calculate the uncertainty in the planetary orbital location for 2025 January 1 (JD = 2,460,676.5). This date was chosen since it approximately matches the anticipated first light and/or launch of numerous ground and space-based telescopes that aim to directly image long-period planets. We propagate the uncertainties from the time of periastron passage using methodology of Kane et al. (2009) . This methodology uses Keplerian orbital elements and their uncertainties with multiples of the orbital period to calculate epochs of specific orbit locations relative to times of measured periastron passage. Kane et al. (2009) uses this method to determine uncertainties and transit windows for times of inferior conjunction, whereas we use the method to describe the general uncertainty on orbital location. The results of these calculations are shown in Figure 1 , which plots the uncertainty in the orbital location as a function of the orbital period. The relationship between these two parameters follows a power law where the uncertainty in orbital location becomes comparable to the orbital period for particularly long periods, indicated by the solid line. This means that the location of those plan- ets in their orbit has been completely lost, making it impossible to provide useful ephemeris information for follow-up observations that require such knowledge. An example of such follow-up observations is the need to predict times of maximum angular separation for direct imaging experiments.
There are several significant outliers in Figure 1 for which the ephemerides are relatively well defined. The combination of RV data with transit data from the K2 mission by Chakraborty et al. (2018) produced an exceptionally strong constraint on the time of periastron passage for EPIC 211945201b. In the case of HD 168443b, targeted RV observations during periastron by the Transit Ephemeris Refinement and Monitoring Survey (TERMS), combined with a long time baseline, yielded very small uncertainties on the time of periastron passage (Pilyavsky et al. 2011) . In general, the calculations presented here demonstrate the need for further RV observations to reacquire the planetary location.
MAXIMUM ANGULAR SEPARATION
The angular star-planet separation can be sensitive to the Keplerian orbital element of eccentricity, depending upon the orbital inclination and the argument of periastron. It is thus critical to include the full Keplerian orbital solution when calculating the angular separation.
The star-planet separation, r, is generally expressed as
where a is the semi-major axis, e is the eccentricity, and f is the true anomaly. The angular separation as a function of f , as computed by Kane (2013) , is given by
where ω is the argument of periastron, i is the orbital inclination, and d is the star-observer distance (Kane & Gelino 2011) . When expressed in this way, the units of the angular separation in Equation 2 are in radians. For the purposes of this work, the main objective is to determine epochs of maximum angular separation. To achieve that for a Keplerian orbit, it is necessary to substitute Equation 1 into Equation 2 and differentiate the resulting expression with respect to f . Such differentiation is nontrivial, but does result in the following analytical expression:
Therefore, the maximum and minimum angular separations occur where Equation 3 equals zero (stationary points). Shown in Figure 2 are four examples of the projected angular separation (solid line) for a hypothetical planetary system located 10 parsecs from the observer and with a planetary semi-major axis of 1 AU. This is demonstrated for eccentricities of 0.2 and 0.5 and for a range of periastron arguments and orbital inclinations. An orbital phase of zero in the plots corresponds to superior conjunction where the phase angle is also zero.
Also shown in Figure 2 as a dotted line is the derivative of the angular separation equation, corresponding to the rate of change of the angular separation. The stationary points (where the derivative crosses the zeropoint shown as a horizontal dashed line) indicate the locations of maximum and minimum angular separations. The maximum angular separations occur at orbital phases of 0.69, 0.75, 0.58, and 0.35 for the top-left, top-right, bottom-left, and bottom-right panels respectively. It is worth noting that the maximum angular separation does not necessarily occur when the contrast ratio between the star and planet are optimal for detection, since that also depends on the phase angle and scattering properties of the atmosphere (Kane & Gelino 2010; Nayak et al. 2017 ).
EPOCHS OF OPTIMAL OBSERVATION
Here we combine the calculations of the previous two sections and apply these to the 300 known exoplanets described in Section 2. For exoplanets without an eccentricity value, we fix the orbit to circular (e = 0.0). If the argument of periastron is missing, we fix the periastron to the plane perpendicular to the sky that aligns with inferior conjunction (ω = 90
• ). For the majority of the 300 targets considered, the inclination is unknown, and in those cases, we fix the inclination to an edge-on orientation (i = 90 • ). This inclination was chosen as a conservative limit since approximately edge-on orbits are the most difficult for direct imaging detection. Table 1 shows the top 50 known exoplanet targets ranked by their maximum angular separation, ∆θ max , shown in units of milliarcsecs (mas). Also included are the predicted orbital phase past superior conjunction (phase angle of zero) where the maximum angular separation will occur, φ max , and the uncertainty (in orbital phase units) of when that will occur, σ φ . All of the planets represented in Table 1 are assumed to have edge-on orbits with the exception of eps Eri b, which has a measured orbital inclination of i = 30.1
• (Benedict et al. 2006) . Therefore, the planetary masses, M p , are minimum masses (except for eps Eri b) in units of Jupiter masses, M J . Note that the values of ∆θ max and φ max do not change with time (unless the orbital solution is updated), but the uncertainty in phase, σ φ , where ∆θ max occurs does increase with time and is calculated for 2025, as described in Section 2. This means that the σ φ values apply to the next maximum angular separation event that occurs past the 2025 date. The highest ranked case of eps Eri b within Table 1 is represented in the panels of Figure 3 . The left panel shows a top-down view of the orbit, which is highly eccentric (e = 0.7) and has a predicted maximum angular separation of ∆θ max = 1.68
′′ . The right panel displays the angular separation as well as the rate of angular separation change (derivative of angular separation, see Equation 3), as described in Figure 2 . The combination of the large predicted maximum angular separation and the relatively small uncertainty on the orbital ephemeris (0.013 phase units) make this an ideal target for follow-up observations from an orbit perspective. More recent work by Mawet et al. (2018) suggests that eps Eri b has a substantially more circular orbit (e = 0.07), which would reduce the predicted maximum angular separation to ∆θ max = 1.14 ′′ but maintain the planet's top-ranked position in Table 1 . The welldefined orbit, including orbital inclination, is a result of a simultaneous fit of RV and astrometric data through the use of Hubble Space Telescope (HST) observations (Benedict et al. 2006) . Note that eps Eri is an active star that will present other observational challenges for direct detection of the known exoplanet (Metcalfe et al. 2013; Jeffers et al. 2014) .
By contrast, cases such as the 47 UMa system have large predicted maximum angular separations but relatively large uncertainties concerning when that separation will occur (0.439 and 0.630 phase units for the c and d planets, respectively). Such systems will benefit enormously from further RV observations at specific epochs that will provide vast improvements to the orbital solution (Kane et al. 2009 ). Provided that the uncertainty in orbital phase can be constrained to cover a range of orbital locations that lie outside the inner working angle of an instrumental design, then the targets will be viable for observations.
CONCLUSIONS
A key component of designing imaging missions is the selection of optimal targets for observation. These are naturally drawn from the known RV exoplanets since these provide test cases for technology demonstrations and contain the necessary long-period demographic required by direct imaging experiments. The Keplerian nature of the RV orbits can lead to enhanced angular separations, though the timing of such separations is often poorly constrained. The methodology provided here allows the direct calculation of maximum angular separation via the stationary points of the angular separation equation. As stated at the end of Section 3, the epochs of maximum angular separation do not necessarily correspond with the epochs of expected maximum planet brightness. The contrast ratio of exoplanets depends upon numerous factors such as the wavelength of observation and also the type (terrestrial, gas giant), age, atmospheric properties, and albedo of the planet (Feng et al. 2018) . The focus of this work is to allow the observation of planets that would otherwise be inside of the inner working angle of the imaging experimental design (Turnbull et al. 2012) .
The challenge of improving the RV targets to ensure that they will minimize telescope resources is one that must be met before a systematic imaging survey can commence. The RV time required to refine the orbits of long-period planets can be moderate, provided that one utilizes the same facility that was used to acquire the discovery data (Kane et al. 2009 ). Precise observing strategies depend on the properties of the individual targets and need to be customized on a case-by-case basis (Kane 2007; Bottom et al. 2013) . Refining the orbits of the planets discussed in this paper will help enormously toward increasing the detection yield of missions such as WFIRST, HabEx, and LUVOIR and will also aid in planning follow-up observations with James Webb Space Telescope for detecting phase variations of known planets. For missions launching in the mid 2020s, it is paramount that the process of orbital refinement commences with sufficient lead time to avoid compromising the target list.
